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5. Integration By Parts

To differentiate a product of two functions of x, one uses the Product Rule for derivatives,

d

dx
[f(x)g(x)] = f(x)g′(x) + g(x)f ′(x).

Thus,

∫
[f(x)g′(x) + g(x)f ′(x)] dx = f(x)g(x)∫

f(x)g′(x)dx +

∫
g(x)f ′(x) dx = f(x)g(x)

So,

∫
f(x)g′(x) dx = f(x)g(x)−

∫
g(x)f ′(x) dx

Note 1: The formula

∫
f(x)g′(x) dx = f(x)g(x) −

∫
g(x)f ′(x) dx is called formula for

integration by parts. An easier formula to remember is the following: Let

u = f(x) dv = g
′
(x)dx

du = f
′
(x) dx v = g(x)∫
udv = uv −

∫
vdu
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Guidelines for Integration by Parts

∫
u dv

How to choose u and dv.

1. Let u be a factor of the integrand that becomes simpler (less complicated-reduced)
when differentiated.

2. Let dv be a factor of the integrand that can be integrated easily( fits a basic integration
rule).

3. The selection of u and dv must make the second integral

∫
v du less complicated.

When to use Integration by Parts

1. The product of polynomial or power with trigonometric function or inverse trigono-
metric function where the polynomial or the power is not the derivative of the angle.
For example.

?

2. The product of polynomial or power with exponential function where the polynomial
or the power is not the derivative of the exponent. For example.

?

3. The product of polynomial or power with logarithmic function where the polynomial
or the power is not the derivative of the function inside the log or ln . For example.

?

4. The product of exponential function with trigonometric function where the exponential
function is not the derivative of the angle. For example.

?
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Use Integration By Parts Do not Use It∫
xn sin (bx) dx

∫
x sin (x2) dx∫

n
√
x cos (bx) dx

∫
x2 cos (x3) dx∫

xn sec2 (bx) dx

∫
x sec2 (x2) dx∫

sin−1 x dx∫
tan−1 x dx∫
sinn x dx∫
cosm x dx

Use Integration By Parts Do not Use It∫
xnebx dx

∫
x3x

2

dx∫
n
√
x5bx dx

∫
x26x

3

dx∫
(xn + a)ebx dx

∫
xex

2

dx∫
n
√
xex dx

Use Integration By Parts Do not Use It∫
lnx dx

∫
lnx

x
dx∫

(ln x)m dx

∫
log2 x

x
dx∫

(xn + a) lnx dx∫
n
√
x lnx dx

Use Integration By Parts Do not Use It∫
ex cosx dx

∫
ex cos (ex) dx∫

eax sin (bx) dx

∫
e2x sin (e2x) dx



Integration By Parts c©Hamed Al-Sulami 4/13

Example 1. Find

∫
x cosx dx.

Solution: Let

u = x dv = cosx dx

du = dx v = sinx

Therefore, ∫
x cosx dx = (x)(sin x)

︸ ︷︷ ︸
uv

−
∫

sinx dx

︸ ︷︷ ︸∫
v du

= x sinx−
∫

sinx dx

= x sinx− (− cosx) + C

= x sinx+ cosx+ C.

�
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Example 2. Find

∫
lnx dx.

Solution: Let

u = lnx dv = dx

du =
1

x
dx v = x

Therefore, ∫
lnx dx = (lnx)(x)

︸ ︷︷ ︸
uv

−
∫

x
1

x
dx

︸ ︷︷ ︸∫
v du

= x lnx−
∫

dx

= x lnx− x+ C.

�
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Example 3. Find

∫
t2et dt.

Solution: Let

u = t2 dv = et dt

du = 2t dt v = et

Therefore, ∫
t2et dt = t2et −

∫
2tet dt Use

∫
udv = uv −

∫
v du .

= t2et − 2

∫
tet dt Int. by part again u = t dv = et dt.

du = dt v = et.

= t2et − 2

[
tet −

∫
et dt

]
integrate

∫
et dt = et .

= t2et − 2
[
tet − et

]
+ C simplify

t2et − 2te2 + 2et + C

= (t2 − 2t+ 2)et + C.

�
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Example 4. Find

∫
ex sin x dx.

Solution: Let

u = sin x dv = ex dx

du = cos x dx v = ex

Therefore, ∫
ex sin x dx = ex sin x−

∫
ex cosx dx Use

∫
u dv = uv −

∫
v du .

= ex sin x−
∫

ex cosx dx Int. by part again u = cos x dv = e
x

dx.

du = − sin x dx v = e
x
.

= ex sin x−
[
ex cosx−

∫
(ex)(− sin x) dx

]
Use

∫
u dv = uv −

∫
v du .

∫
ex sin x dx = ex sin x− ex cos x−

∫
ex sin x dx We are trying to find

∫
e
x

sin x dx.

∫
ex sin x dx+

∫
ex sin x dx = ex sin x− ex cos x Add the two integral.

2

∫
ex sin x dx = ex sin x− ex cos x Divide by 2 and add C to the right side.

∫
ex sin x dx =

ex sin x− ex cos x

2
+ C.

�
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Example 5. Find

1∫
0

tan−1 x dx.
?

Solution: Let

u = arctan x dv = dx

du =
1

1 + x2
dx v = x

Therefore,

1∫
0

tan−1 x dx = x tan−1 x
∣∣1
0
−

1∫
0

x

1 + x2
dx Note d(1 + x

2
) = 2x dx .

=
[
(1) tan−1 1− (0) tan−1 0

]− 1

2

1∫
0

2x

1 + x2
dx Use

∫ f′(x)

f(x)
dx = ln |f(x)| .

=
π

4
− 1

2

[
ln (1 + x2)

]1
0

=
π

4
− ln 2

2

=
π − ln 4

4
.

�
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Reduction Formulas

Integration by parts can be used to derive reduction formulas for integrals. These are
formulas that express an integral involving a power of a function in terms of an integral that
involves a lower power of that function.

1.

∫
sinn x dx =

−1

n
sinn−1 x cosx+

n− 1

n

∫
sinn−2 x dx

2.

∫
cosn x dx =

1

n
cosn−1 x sinx+

n− 1

n

∫
cosn−2 x dx

3.

∫
secn x dx =

secn−2 x tanx

n− 1
+
n− 2

n− 1

∫
secn−2 x dx, n �= 1,

∫
secx dx = ln | secx+ tanx|

4.

∫
tannx dx =

tann−1 x

n− 1
−

∫
tann−2x dx, n �= 1,

∫
tanx dx = ln | secx|

5.

∫
cotnx dx =

− cotn−1 x

n− 1
−

∫
cotn−2x dx, n �= 1,

∫
cotx dx = ln | sinx|

6.

∫
cscnx dx =

cscn−2 x cotx

n− 1
+
n− 2

n− 1

∫
cscn−2x dx, n �= 1,

∫
cscx dx = ln | cscx− cotx|
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Example 6. Prove the reduction formula

∫
sinn x dx =

−1

n
sinn−1 x cos x+

n− 1

n

∫
sinn−2 x dx.

Solution: Let

u = (sinx)n−1 dv = sinxdx

du = (n− 1)(sinx)n−2 cos x dx v = − cos x

Thus, we use cos2 x = 1− sin2 x.,∫
sinn xdx =

∫
sinn−1 x sinx dx

= sinn−1 x(− cos x)−
∫

(− cos x)(n− 1)(sinn−2 x) cos xdx

= − sinn−1 x cos x+ (n− 1)

∫
sinn−2 x cos2 x dx

= − sinn−1 x cos x+ (n− 1)

∫
sinn−2 x(1− sin2 x)dx

= − sinn−1 x cos x+ (n− 1)

∫
sinn−2 xdx− (n− 1)

∫
sinn xdx

n
∫
sinn x dx︷ ︸︸ ︷

(n− 1)

∫
sinn xdx+

∫
sinn xdx = − sinn−1 x cos x+ (n− 1)

∫
sinn−2 xdx∫

sinn xdx = − 1

n
sinn−1 x cos x+

n− 1

n

∫
sinn−2 xdx.

�
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Example 7. Evaluate

∫
sin (

√
x) dx

Solution: Let w =
√
x ⇒ w2 = x, so 2wdw = dx.

Hence

∫
sin (

√
x) dx =

∫
sinw 2wdw = 2

∫
w sinw dw.

Now, using integration by parts with

u = w dv = sinw dw

du = dw v = − cosw

Therefore,∫
w sinw dw = −w cosw−

∫
(− cosw) dw = −w cosw+

∫
cosw dw = −w cosw+sinw+C.∫

sin (
√
x) dx = 2

∫
w sinw dw = −2w cosw + 2 sinw + C.

Thus,

∫
sin (

√
x) du = −2

√
x cos (

√
x) + 2 sin (

√
x) + C �
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Example 8. Find

∫
x3

√
1 + x2

dx.

Solution: Using change of variable,

let u =
√

1 + x2, then u2 = 1 + x2,
2udu = 2xdx.
Thus xdx = udu and x2 = u2 − 1.
Hence∫

x2

√
1 + x2

xdx =

∫
u2 − 1

�u
�udu

=

∫
(u2 − 1) du

=
1

3
u3 − u+ C

=
1

3

√
(1 + x2)3 −

√
1 + x2 + C

=
1

3
(1 + x2)3/2 − (1 + x2)1/2 + C

= (1 + x2)1/2
[
1

3
(1 + x2)− 1

]
+ C

= (1 + x2)1/2
[
1

3
x2 − 2

3

]
+ C

=
(x2 − 2)

√
x2 + 1

3
+ C

�

Solution: Using Integration by parts,

u = x2 dv = (1 + x2)−1/2 xdx

du = 2x dx v =
√

1 + x2∫
x3

√
1 + x2

dx = x2
√

1 + x2 −
∫

2x
√

1 + x2 dx

= x2
√

1 + x2 −
∫

(1 + x2)1/22xdx

= x2
√

1 + x2 − 2

3
(1 + x2)3/2 + C

= x2
√

1 + x2 − 2

3

√
(1 + x2)3 + C

= x2(1 + x2)1/2 − 2

3
(1 + x2)2/3 + C

= (x2 + 1)1/2
[
x2 − 2

3
(1 + x2)

]
+ C

= (1 + x2)1/2
[
1

3
x2 − 2

3

]
+ C

=
(x2 − 2)

√
x2 + 1

3
+ C
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Integrals of the form

∫
f(x) g(x)dx, in which the higher derivative of f becomes zero and the

antiderivatives of g can be calculated without difficulty, can be evaluated using tabular integration.

Example 9. Evaluate

∫
x3e2x dx

Solution:

Alternate signs

+

−

+

−

+

u and its derivatives

x3

3x2

6x

6

0

dv and its antiderivatives

e2x

1
2
e2x

1
4
e2x

1
8
e2x

1
16

e2x

Differentiate until you get 0.

∫
x3e2xdx = +

1

2
x3e2x − 3

4
x2e2x +

6

8
xe2x − 6

16
e2x +C =

1

2
x3e2x − 3

4
x2e2x +

3

4
xe2x − 3

8
e2x + C.

�
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